Abstract. To study the regularity of heat flow, Lin-Wang[1] introduced the quasi-harmonic sphere, which is a harmonic map from M = (R m , e is quite singular at infinity and it is not complete. In this paper , we mainly study the eigen-
2 0 ) to N with finite energy. Here ds 2 0 is Euclidean metric in R m . Ding-Zhao [2] showed that if the target is a sphere, any equivariant quasi-harmonic spheres is discontinuous at infinity. The metric g = e . In particular, we show that non-constant eigenfunctions of ∆ g must be discontinuous at infinity and non-constant eigenfunctions of drifted Laplacian ∆ h = ∆ g0 − ∇ g0 h · ∇ g0 is also discontinuous at infinity.
Introduction
If a heat flow u(x, t) from M to N blows up at a finite time, Lin-Wang [1] and Struwe [10] proved that there exists a harmonic map from R m to N with the conformal metric g = e In [2] , Ding-Zhao showed that equivariant quasi-harmonic spheres are discontinuous at infinity if N = S m . So the behavior of quasi-harmonic spheres is quite different from that of harmonic spheres. Since the metric is very singular at infinity, and it is not complete, we are interested in the analytic property of the Laplace operator of (R m , g) which we call Quasi-Laplacian, denoted by ∆ g = e |x| 2 2(m−2)
. Our first result is the compact embedding theorem. Cheng and Zhou [4] used the result of Hein-Naber [5] to obtain the Lichnerowicz type theorem for the drifted Laplacian ∆ h = ∆ g 0 − ∇ g 0 h · ∇ g 0 as follows.
Theorem (Bakry-Émery-Mogan-Hein-Naber) Let (M n , g, e −f ) be a complete smooth metric measure space with Ric f ≥ a 2 g for some constant a > 0. Then (1) the spectrum of ∆ f for M is discrete. (2) the first nonzero eigenvalue, denoted by λ 1 (∆ f ), of ∆ f for M is the spectrum gap of ∆ f and satisfies
So we wonder if the spectrum of ∆ g is also discrete. According to Theorem 1.1, we know the compact embedding theorem on R m with metric g still holds even though the metric is not complete. Combined with Theorem 10.6 in [6] , we obtain the following result.
The discreteness of spectrum of ∆ g guarantees the existence of eigenfunctions of ∆ g . The metric is singular at infinity, so we are interested in continuity of eigenfunctions at infinity. And we prove that: Theorem 1.3. Let u be a non-constant eigenfunction of the quasi-Laplacian ∆ g corresponding to any eigenvalue λ, then u must be discontinuous at ∞.
And we find that the eigenfunction of ∆ h has the same property. Theorem 1.4. Let u be a non-constant eigenfunction of the drifted Laplacian ∆ h corresponding to an eigenvalue λ, then u must be discontinuous at ∞.
According to the Proposition 2.1 in [8] , a logarithmic Sobolev inequality (2.2) implies a Poincaré inequality. Then we get the existence of a global solution of ∆ g u = f in R m in the last section.
compact embedding theorem and discrete spectrum
We first recall some facts in measure theory. A subset K of L 1 (µ) is called uniformly integrable if given ǫ > 0, there is a δ > 0 so that sup{ E |f |dµ : f ∈ K} < ǫ whenever µ(E) < δ. It is known that 
In local coordinates,
. Note that
)-norm of u with the metric g can be view as the sum of the
We can use the result which is already known in the complete smooth metric measure space (R m , g 0 , e −f dV g 0 ). Considering that R m is not compact, we need to do more work. To deal with this non-compact case, we construct a compact exhaustion
And in 1985, Bakery-Emery [3] showed that if (M, g, e −f dV ) has Ricf ≥ a 2 g for some constant a ≥ 0 and finite weighted volume M e −f dV, then the following logarithmic Sobolev inequality holds:
for all smooth function u. Here Ric f := Ric + ∇ 2 f . 
there is a subsequence of u k , still denoted by u k , and u k a.e converges to u. Then we will have
Combined with the logarithmic Sobolev inequality with which we obtain the uniformly integrability, we can use Vitali convergence theorem to deduce compact embedding of
Proof of Theorem 1.1. It is known that identical map
is a embedding. So it suffices to prove that any sequence of
. We will use Vitali convergence theorem to deduce that R m |u k − u| 2 dV g → 0. Since µ(M) < +∞, it suffices for us to prove that
). Note that an L 2 convergent sequence has an a.e convergent subsequence. By passing to a diagonal subsequence, there exists a subsequence of {u k } still denoted by {u k } and a function u defined on R m so that u k a.e converges to u on each D i and hence on R m . By fatou's lemma,
We can get u ∈ L 2 (M ) and Condition (1) g 0 . The logarithmic Sobolev inequality (2.2) holds for Take Q(t) = t log t, one can see that Q(t) and {u 
Applying the following result for weighted manifold, we can immediately obtain Theorem 1.2. 
The discontinunity of eigenfunction at infinity
Assume that u is non-constant eigenfunction of ∆ g corresponding to an eigenvalue λ, i.e., (3.1) ∆ g u = −λu.
We rewrite it in the following form
We know that the Euclidean metric of R m can be written in spherical coordinates (r, θ) as
where dθ 2 is the standard metric on S m−1 . Then
where ∆ θ is the Laplacian on the standard S m−1 . It is clear that
It follows from (3.2) that
Let ϕ k be the orthonormal basis on L 2 (S m−1 ) corresponding to the eigenvalues
Let f k (r) = u(r, ·), ϕ k for k ≥ 1 and we denote f = f k . Then we can reduce the PDE ∆ g u = −λu to an ODE
In the following theorem (Theorem 3.1), under the assumption that u is continuous at infinity, we will have u = f 0 (r), which means that u is radial symmetry. Then we use maximum principle to get a contradiction, so that we prove Theorem 1.3.
Theorem 3.1. Let u be an eigenfunction of ∆ g corresponding to an eigenvalue λ. If u is continuous at infinity, then f k = u, ϕ k ≡ 0 for k ≥ 1. In other word, u is radial symmetry.
Proof. We rewrite (3.3) in divergence form
Since u is continuous at infinity, lim r→∞ u(r, ·) = A, we have
It is clear that
Then by maximum principle, we can see from (3.4) that f cannot have positive maximum or negative minimum unless f ≡ 0. If f is not identically zero, then we can show that f must be monotonic for r >> 1. Without loss of generality, we assume that f ′ ≤ 0 (for r >> 1), hence f (r) ≥ 0. Integrating from r to +∞, we will have 
Then we have (1)) → c 0 as r → +∞, which contradicts the fact that f k (+∞) = 0. Hence we must have f = f k ≡ 0 for k ≥ 1. It follows that
So u is radial symmetry.
Proof of Theorem 1.3. If the conclusion is not true, we assume that lim r→∞ u(r, ·) = A. From the result of Theorem 3.1, we know that u is radial symmetry and u = f 0 (r). So it satisfies following equation
and we choose y = e 2r 2 , then we have
we obtain
There exists R 0 such that
For fixed R 0 , we can choose a constant C R 0 such that
However,
By the maximum principle, we obtain that
So we obtain u ≥ y − C R 0 → +∞ as r → +∞, which contradicts the assumption that lim r→+∞ u(r, ·) = A. Hence we have u must be discontinuous at ∞.
We can use the same method to prove the discontinuity of eigenfunctions of the drifted Laplace
Proof of Theorem 1.4. we know u satisfies the following equation
We can do the similar computation as in the beginning of Section 3
where ∆ θ is the Laplacian on the standard S m−1 . Then (3.5) can be written as
We prove it by contradiction. Assume u is continuous at ∞, lim On the other hand, f 0 satisfies following equation
So we obtain On the other hand, 
